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Abstract. DP-reduction F DP„(F), applied to a clause-set F and a 
variable v, replaces all clauses containing v by their resolvents (on v). A 
basic case, where the number of clauses is decreased (i.e., c(DP^(_F)) < 
c(F)), is singular DP-reduction (sDP-reduction), where v must occur 
in one polarity only once. For minimally unsatisfiable F £ MU, sDP- 
reduction produces another F' := DP„(_F) £ MU with the same defi- 
ciency, that is, 6iF') = S{F); recall S{F) = c{F) - n{F), using n{F) for 
the number of variables. Let sDP(F) for F £ MU be the set of results of 
complete sDP-reduction for F\ so F' G sDP(_F) fulfil F' £ MU, are non- 
singular (every literal occurs at least twice), and we have 5{F') = S{F). 
We show that for F £ MU &\\ complete reductions by sDP must have 
the same length, establishing the singularity index of F. In other words, 
for F',F" £ sDP(_F) we have n(F') = n(F"). In general the elements 
of sDP(_F) are not even (pairwise) isomorphic. Using the fundamental 
characterisation by Kleine Biining, we obtain as application of the singu- 
larity index, that we have confluence modulo isomorphism (all elements 
of sDP(_F) are pairwise isomorphic) in case 5{F) — 2. In general we 
prove that we have confluence (i.e., |sDP(_F')| — 1) for saturated F (i.e., 
F £ SMU). More generally, we show confluence modulo isomorphism for 
eventually saturated F, that is, where we have sDP(F) C SMU, yielding 
another proof for confluence modulo isomorphism in case of S(F) = 2. 

1 Introduction 

Minimally unsatisfiable clause-sets ("MU's") are a fundamental form of irredun- 
dant unsatisfiable clause-sets. Regarding the subset relation, they are the hard- 
est examples for proof systems. A substantial amount of insight has been gained 
into their structure, as witnessed by the handbook article A related area of 
MU, which gained importance in recent industrial applications, is the study of 
"MUS's", that is minimally unsatisfiable SM&-clause-sets F' £ MU with F' C F 
as the "cores" of unsatisfiable clause-sets F; see for a recent overview. For 
the investigatio ns o f this paper there are two main sources: The structure of MU 
(see Subsection , and the study of DP-reduction as started with ||7|, p^ , p^ : 

— A fundamental result shown there is t hat DP-reduction is commutative mod- 
ulo subsumption (see Subsection for the precise formulation). 

— Singular DP-reduction is a special case of length-reducing DP-reduction 
(while in general one step of DP-reduction can yield a quadratic blow-up). 
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— Confluence modulo isomorphism was shown in M (Theorem 13, Page 52) 
for a combination of subsumption ehmination with special cases of length- 
reducing DP-reductions, namely DP-reduction in case no (non-tautological) 
resolvent is possible, and singular DP-reduction in case there is only one side 
clause, or the main clause is of length at most 2 (see Definition 

The basic questions for this paper are: 

— When does singular DP-reduction, applied to MU, yield unique (non-singular) 
results (i.e., we have confluence)? 

— And when are the results at least determined up to isomorphism (i.e., we 
have confluence modulo isomorphism)? 

Different from the result from Q mentioned above, we do not consider restricted 
versions of singular DP-reduction, but we restrict the class of clause-sets to which 
singular DP-reduction is applied (namely to subclasses of MU). 



1.1 Investigations into the structure of A^l4{k) 

We give now a short overview on the problem of classifying F £ A4U in terms 
of the deficiency S{F) c{F) ~ n{F), that is, the problem of characterising 
the levels M.Us=k ■= {F £ MU : S{F) — k} (due to greater expressivity and 
generality, we prefer this notation over A4U{k)); see for further information. 

The field of the combinatorial study of minimally unsatisfiable clause-sets 
was opened by [Q, showing the fundamental insight S{F) > 1 for F e A^W (see 
[Hj^ for generalisations of the underlying method, based on autarky theory) . Also 
SA4l4s=i was characterised there, where SM.IA d M.U \s the set of "saturated" 
minimally unsatisfiable clause-sets, which are minimal not only w.r.t. having no 
superfluous clauses, but also w.r.t. that no clause can be further weakened. The 
fundamental "saturation method" F £ AAU F' e SM.U was introduced in 
[H (see Definition 0). Basic for all studies of MU is detailed knowledge on mini- 
mal number of occurrences of a (suitable) variable (yielding a suitable splitting 
variable): see jl4| for the current state-of-art. The levels A4Us=k are decidable 
in polynomial time by |^,||; see [^6|Jl^] for further extensions. 

"Singular" variables v in F & MIA, that is, variables occurring in at least 
one polarity only once, play a fundamental role — they are degenerations which 
(usually) need to be eliminated by singular DP-reduction. Let MU' C MIA 
be the set of non-singular minimally unsatisfiable clause-sets (not having sin- 
gular variables), that is, the results of applying singular DP-reduction to the 
elements oi MU as long as possible. The fundamental problem is the character- 
isation of MU'f, I. for arbitrary fc G N. Up to now only k < 2 has been solved 



(see Subsection 3.3 for some details): MUg^i has been determined in B, while 
MUg^2 — SMUs^2 has been determined in Regarding higher deficiencies, 
until now only (very) partial results in ||l7|| exist. Regarding singular minimally 
unsatisfiable clause-sets, also MUs^i is very well known (with further extensions 



and generalisations in and generalised to no n-bo olean clause-sets in pH), 



while for MUs=2 not much is known (Subsection 3.1 provides first insights)?^ 

For characterising MU'^^f., we need (very) detailed insights into (arbitrary) 
MUs<k- Assuming that we know MUg^/^, such insights can be based on some 
classification of F £ MUs<k obtained from the set sDP(F) C MUg^^. of 
singular-DP-reduction results. The easiest case is when |sDP(F)| = 1 holds 
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(confluence), the second-easiest case is where ah elements of sDP(F) are pairwise 
isomorphic. This is the basic motivation for the questions raised and partiaUy 
solved in this article. For general k we have no conjecture yet how the classifica- 
tion of A4Ug^j^ could look like (besides the basic conjecture that enumeration of 
the isomorphism types can be done efficiently). However for unsatisfiablc hitting 
clause-sets we have the conjecture stated in , that for every G N there are 
only finitely many isomorphism types in UTLTTs^k- 



1.2 Overview on results 



Section |^ introduces the basic notions regarding singularity, and the basic char- 
acterisations of singular DP-reduction on minimally unsatisfiablc clause-sets are 
given in Subsection 3.2. In Section^ we consider the question of confiuence of sin- 
gular DP-reduction, with the first main result Theorem 16, showing confiuence 
for saturated clause-sets. Section || mainly considers the question of changing 
the order of DP-reductions without changing the result. The second main re- 
sult of this article is Theorem establishing the singularity index. Section ^ is 
devoted to show confluence modulo isomorphism on eventually saturated clause- 
sets (Theorem 44), the third main result. As an application we determine the 
"types" of (possibly singular) minimally unsatisfiablc clause-sets of deficiency 2 
via Theorem We conclude with a collection of open problems in Section 0. 



1.3 Applications 

Our current main application, which motivated the questions tackled in this 
paper in the first place, is t he project of classifying the structure of M.Us=k as 



discussed in Subsection 1.1: Knowing some form of invariance of singular DP- 
reduction enables one to classify also singular minimally unsatisfiablc clause- 
sets, based on knowing the non-si ngul ar minimally unsatisfiablc clause-sets of 
the same deficiency; see Subsection |6.l| for a first example. 

For worst-case upper bounds of SAr decision (or related problems) we some- 
times need to guarantee that certain reductions will yield a certain decrease in 
some parameter, for example the number of variables, independently of the spe- 
cial order of reductions — this is exactly established for singular DP-reduction 
by the singularity index (using Corollary ^) . 

Finally, singular DP-reduction is a very basic and efficient reduction, which 
should be helpful in the search for MUS's, using that a singular variable for F is 
also singular for F' <Z F with F' G M.U. The basic results of Section || make it 
possible to control the effects of singular DP-reduction, while our main results 
enable one to estimate the inherent non-determinism. 



2 Preliminaries 

We follow the general notations and definitions as outlined in Complemen- 
tation of literals x is denoted by x, while for a set L of literals we define 
L {x : X € L}. A clause C is a finite and clash-free set of literals (i.e., 
C n C = 0), while a clause-set F G CCS is a finite set of clauses. We denote by 
var(i^) the set of (occurring) variables, by n{F) :— [var(i^)| the number of vari- 
ables, by c{F) := \F\ the number of clauses, and finally by 6{F) := c{F) — n{F) 
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the deficiency. For clause-sets F, G we denote by = G that both clause-sets are 
isomorphic, that is, the variables of F can be renamed and potentially flipped 
so that F is turned into G; more precisely, an isomorphism a from _F to G is 
a bijection a on literal-sets which preserves complementation and which maps 
the clauses of F precisely to the clauses of G. The literal- degree Idpix) £ No of 
a literal x for a clause-set F is the number of clauses the literal appears in, i.e., 
lApix) := \{C & F : X £ C}\. The variable-degree vdF{v) G No for a variable v 
is the number of clauses the variable appears in, i.e., vdpiv) := Idpiv) -|-ldj7(v). 

For a clause-set F and a variable v by DP„(F) we denote the result of 
applying DP-reduction on v, that is, removing all clauses containing v and adding 
all resolvents on v. More formally 

DP„(F) -.= {0 eF:v^ var(C)}U {GoZ? : G, £> G F, C HD = {v}}, 

where clauses G, D are resolvable iff they clash in exactly one literal, i.e., iff |Gn 
D\ = 1, while for resolvable clauses C, D the resolvent C oD := {CU D)\{x,x} 
for C n D — {x} is defined as the union minus the resolution literals (the two 
clashing literals). DP,j(F) is logically equivalent to the existential quantification 
of F by V, and thus F and DPt,(F) are satisfiability-equivalent. 

The set of minimally unsatisfiable clause-sets is A4U C CCS, the set of 
all clause-sets which are unsatisfiable, while removal of any clause makes them 
satisfiable. Furthermore the set of saturated minimally unsatisfiable clause-sets 
is SA4U C which is the set of minimally unsatisfiable clause-sets such 

that addition of any literal to any clause renders them satisfiable. Note that for 
V G var(i^) with F G MU we have vdpiv) > 2. We recall the fact that 
every minimally unsatisfiable clause-set F G M.U can be saturated, i.e., by 
adding literal occurrences to F we obtain F' G SMU with var(i^') ~ var(i^) 
such that there is a bijection a : F ^ F' with C C a(G) for all C £ F. 

Definition 1. The operation S{F,C,x) := {F\{C})U{CU{x}) G CCS (adding 
literal x to clause C in F) is defined if F £ CCS, C € F, and x is a literal with 
var(a;) G var(F)\var(G). A saturation F' G SAAU of F G MU is obtained by a 
sequence F = Fq, . . . , F„i — F' , m £ Nq, such that for < i < m there are Ci, Xi 
with Fi^i = S{Fi,Ci,Xi), such that for all 1 < i < m we have Fi SAT, and 
such that the sequence cannot be extended. Note that n{F') — n{F) and c{F') = 
c{F) holds (and thus 6{F') = 6(F)). More generally, a partial saturation of 
a clause-set F G A41/1 is a clause-set F' G AilA such that var{F') = var(i^) and 
there is a bijection a : F F' such that for all C £ F we have C C a{C). 

A clause-set F is hitting (as DNF known as "disjoint" or "orthogonal") if 
every two different clauses clash in at least one literal; the set of hitting clause- 
sets is denoted by HXT C CCS, the set of unsatisfiable hitting clause-sets by 
UnXT := HITnUSAT. Obviously we have UHIT C SMU. The following 
(new) observation is fundamental for the study of hitting clause-sets: 

Lemma 2. For F G HIT and a variable v we have DP„(F) G HXT . 

Proof Consider clauses Ei,E2& DP„(i^), Ei ^ E2. If Ei,E2 e F, then Ei,E2 
clash since F is hitting. The two remaining cases are (w.l.o.g.) Ei £ F,E2 ^ F 
and Ei,E2 ^ F. In the first case assume E2 = C20D2 for €2,02 G F with 
G2 n D2 — {v}. Since v ^ var(iJi), it clashes Ei with G2 (as well as with D2) 
and thus with i?2. For the second case also assume Ei = CiO Di for Ci,Di G F 
with Ci n Di = {v}. We must have Gi ^ C2 or Di ^ D2, yielding a clash 
between Gi , G2 resp. Di,D2, and thus also Ei , E2 clash. □ 
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Corollary 3. For F e WHIT and a variable v we have T)Y'y{F) e WHIT. 



3 Singularity 

In this section we present basic results on singular variables in minimally unsat- 
isfiable clause-sets. Lemmas ^, ^ yield basic characterisations of singular DP- 
reduction for minimally unsatisfiable resp. saturated minimally unsatisfiable 
clause-sets. None of the results are difficult, but the value of these considera- 
tions are in the choice of concepts an d the presentations of the somewhat subtle 
facts.0 We conclude in Subsection 3^ by the known classifications of non-singular 



minimally unsatisfiable clause-sets of deficiencies 1,2. 



3.1 Singular variables 

Definition 4. We call a variable v singular for a clause-set F e CCS if we 
have min(ldi?(u), ldi?(TJ)) = 1; the set of singular variables of F is denoted by 
vars(i^) C var(i^). F is called nonsingular if F does not contain singular 
variables. Furthermore we use the following notations: 

— MU' := {F S M.U : vars(F) = 0} denotes the set of nonsingular MU's; 

— SM.U' := SJVllA n MIA' is the set of nonsingular saturated MU's; 

— IVH-XT' '.— WHIT C\SMIA' — HIT r\ MIA' is the set of nonsingular unsat- 
isfiable hitting clause-sets. 

More precisely, we call v m-singular for F for some m G N, if v is singular 
for F with m = vdi?(?;) — 1. The set of 1-singular variables of F is denoted by 
varis(i^) C vars(_F). That a variable is m-singular for some m > 2 is simply 
called non- 1-singular (so "non- 1-singular" variables are singular); the set of 
non- 1-singular variables of F is denoted by var-,is(i^) := vars(-F) \varis(i^). 
A singular literal for a singular variable v is a literal x with var(a::) = v and 
\d.F{x) = 1; if the underlying variable is 1-singular, then some choice is applied, 
so that we can speak of "the " singular literal of a singular variable. For a singular 
literal x we call the clause C G F with x Cz C the main clause, while the side 
clauses are the clauses Di, . . . , Dm G F with x G Di (here v is m-singular). 



3.2 Singular DP-reduction 

The following special application of DP-reduction appears at many places in 
the literature (see Q, or Appendix B in Q and subsequent p6| , p^ ), and is 
fundamental for investigations of minimally unsatisfiable clause-sets: 

Definition 5. A singular DP-reduction is a reduction F 'DPy{F), where 

V is singular for F G A4U. For F, F' G MU by F p' we denote that F' is 

obtained from F by one step of singular DP-reduction; i.e., there is a singular 
variable v for F with F' — DPy{F), where v is called the reduction variable. 

And we write F F' if F' is obtained from F by an arbitrary number of steps 

(possibly zero) of singular DP-reductions. The set of all nonsingular clause-sets 
obtainable from F by singular DP-reduction is denoted by sDP(i^).' 

sDP(^^) :^ {F' e MU' : F F'}. 



^ Various of these facts the first author discussed 8 years ago with Stefan Szeider. 
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The following lemma is kind of "folklore" , but apparently the only place 
where its assertions are (partially) stated in the literature (in a more general 
form) is jl^, Lemma 6.1 (we add here various details): 

Lemma 6. Consider a clause-set F and a singular variable v for F. Then the 
following assertions are equivalent: 

1. F is minimally unsatisfiahle. 

2. <5(DP„(i^)) — S{F) and DPy(F) is minimally unsatisfiahle. 

3. DP„(i<") is minimally unsatisfiahle, and for the main clause C and the side 
clauses Di, . . . , Dm for v (in F) we have: 

(a) Every Di clashes with C in exactly one variable (namely in v). 

(b ) For l<i<j<mwe have CoDi ^ CoDj. 

(c) For E £ F with v ^ var(i?) and for all 1 < i < m we have C oDi ^ E. 

Proof. The equivalence of Part ^ and Part ^ is a special case of Lemma 6.1 in 
[|o|. Part ^ implies Part ^, since if one of the conditions ^ ^ or ^ would 
not hold, then the deficiency of DPt,(F) would be (strictly) smaller than F, 
contradictingthe assumption (5(DPt,(F)) = 5{F). Finally we show that Part H 
implies PartlJ. Since DP„(F) is minimally unsatisfiahle, F is unsatisfiahle. Now 
suppose that F is not minimally unsatisfiahle. So for some clause E £ F the 
clause-set F' := F \ {E} is still unsatisfiahle. By condition |3^ we know that 
C oDi must be in DPi,(i^) for all z G {1, . . . , m}. Thus clause E can not be the 
main clause C, and if m = 1, then E can not be the side clause neither. So v 
is still a singular variable in F' . Since DP„(F) is minimally unsatisfiahle, while 
we have DP„(F') C DP„(F), we obtain DP„(F') = DP„(i^), that is, either E 
is one of the side clauses and its resolvent with C was obtained by some other 
resolution or was already present, or E does not contain v, and thus E must be 
a resolvent. In any case we get a contradiction with one of |^ or □ 

Corollary 7. If F G A4U and v is a singular variable of F, then also DP„(F) G 
A4U, where (5(DP„(F)) = 5{F). So the classes A4Us=k for fc e N are stable under 
singular DP-reduction. 

Corollary 8. Consider F G A4U and a singular variable v with singular literal 
X, with main clause C and side clauses Di, . . . , Dm- Then adding C \ {x} to Di 
for all i G {1, . . . , m} is a partial saturation of F (recall Definition 

Lemma ^ can be strengthened for saturated F by requiring special conditions 
for the occurrences of the singular variable. 

Lemma 9. Consider a clause-set F and a singular variable v for F. For a singu- 
lar literal x for v consider the main clause C and the side clauses Di , . . . Dm G F . 
Let C := C\ {x} and D[ := Di \ {x}. The following assertions are equivalent: 

1. F is saturated minimally unsatisfiahle. 

2. The following three conditions hold: 

(a) T)V^{F) is saturated minimally unsatisfiahle; 

(b) c'^nT=iD'.; 

(c) for every E G F with v ^ var(i?) we have C % E. 

Note that conditions pq, Wq together imply the condition that for E G F we 
have C G_ E if and oruy ifv G var(£') holds. 
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Proof. First assume that F is saturated minimally unsatisfiable. If there would 
he E e F with v ^ var(F) and C C E, then for F' S{F,E,v) we had 
DP^(i^') — DPy{F), and thus i^' would be unsatisfiable, contradicting saturat- 
edness of F. We have C C n"=i since if there were a literal y £ C and y ^ D[ 
for some i, then DP^,(S(F, A, 2/)) = DP„(i^). And we have C" 3 f]™ i -D-, since if 
there were a literal y contained in all D[, but not in C", then DP„(S(i^, C, y)) = 

By Lemma ^we know that Y)V^{F) is minimally unsatisfiable, and that all 
resolutions are carried out, with no contraction due to coinciding resolvents or 
coincidence of a resolvent with an existing clause. Assume that DP^(i^) is not 
saturated, that is, there is a clause E and a literal y with G := S(DP^(i^), E, y) G 
US AT. U E e F then DP„(S(F, E,y)) = G £ US AT, and so there is some 1 < 
i <m with E — G oDi. But now DPt,(S(i^, Di, y)) — G, yielding a contradiction. 

Now we consider the opposite direction, that is, we assume that C" = n"=i j 
that DP^(_F') is saturated minimally unsatisfiable, and that C" is contained in 
some clause of F iff this clause contains the variable v. First we establish the 
three conditions from Lemma I, Part |. Since clauses are clash-free, C" has no 
conflict with any D^, and thus the clash- freeness-condition is fulfilled. If we had 
CoDi = CoDj for i ^ j, then w.l.o.g. there must be a literal y G C with 
y G D[ and y ^ D'j, which is impossible since C contains only literals which are 
common to all side clauses. Finally, since all resolvents CoDi subsume the par- 
ent clause Di , by the minimal unsatisfiability of F also Condition ^ is fulfilled. 
So we have established that F is minimally unsatisfiable. 

Assume that F is not saturated, that is, there exists a clause E G F and a 
literal y with G := S{F, E, y) G MU. Let F' := T)Fy{F) and G" := DP„(G) (note 
G' G US AT, and that F' G SMU by assumption). Our strategy is to derive a 
contradiction by showing that literal occurrences can be added to F' in such a 
way that G' is obtained, contradicting that F' is saturated. 

First consider E^{G}U {A}i<»<m- If var(2/)^ v, then G' = S(F', E, y). If 
y = v, then G' = S{F' , {E}, G') (using Condition Eq) . It remains the case y = v, 
but this case is impossible since then for all 1 < i < to we have G o Di = D'^ C 
{E U {v})oDi = EL) D'^, and thus DP^(G) would be satisfiability equivalent to 
DP^(G \ {E U {w}}), whence G would not be minimally unsatisfiable. 

So we have E G {G} U {A}i<i<m, i-e., v G var(G). If = G, then G' = 
S{F', {I?-}i<i<m, y), using that G' is the intersection all the D-, and thus at least 
one D[ does not contain y. And if = G^ for some i, then G' = S(F', D[,y). □ 

Corollary 10. The class SMU is stable under singular DP-reduction. 



3.3 On the classification of MU for deficiencies up to 2 

In |B| it is shown that every F G M.Us=i contains a 1-singular variable (see 
for further generalisations) . Thus by Corollary |^ we get that singular DP- 
reduction on MUs^i must end in {{_L}}, and we have AdUg^i = {{_L}}. Also 
A4Ug^2 is completely known: 

Definition 11. Consider n> 2, let addition for the indices of variables vi, ... ,v, 
be understood modulo n (so n + 1 ^ 1), and define Pn ■= {vi, . . . ,w„}, Nn '.= 
{vT, . . . , w^T}, Gi := {lH,Vt+i} for i G {I, . . . , n}, and finally Tn := { Pn,Nn } U 
{C^:iG{l,...,n}] gMU',^^. 
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So n{J-n) = n and c{J-n) — n + 2. For example 

■F2 = {{vi,V2},{vT,v^},{vT,V2},{v^,vi}} 

^3 = {{V1,V2,V3},{1T[,V^,V^},{V^, t;2},{W, V3},{V^, Vi}}. 

Theorem 12. For F e MU'g^2 ™e have F = Tn(F)- 
4 Confluence of singular DP-reduction 

In this section we introduce the question of confluence of singular DP-reduction. 



In Subsection 4.1 we define "confluence" a nd " confluence modulo isomorphism", 



and discuss basic examples. In Subsection 4.2 we obtain our first major result, 
namely confluence for SA4 lA (Theorem ^6|) . 

4.1 The question of confluence 

Definition 13. Let C^AdU be the set of F € A414 where singular DP-reduction 
is confluent, and let CJ^XM.IA be the set of F G MU where singular DP- 
reduction is confluent modulo isomorphism: 

CFMU := {F e MU \ |sDP(i^)| = 1} 
CFIMU := {F e MU\yF',F" e sT)P{F) : F' = F"}. 



In Subsection 3.3 we mentioned that A4Us=i C CJ-A4U holds. The following 
example shows A4Us=2 % CTMU: Let F G AiUs=2 be obtained from T2 by 
"inverse singular DP-reduction" , adding a new singular variable v and replacing 
the two clause {vi,V2}, {vi,V2} € J-2 by the three clauses {v,vi}, {v, V2}, {v, V2}, 
obtaining F (the other two clauses in F are {TJi, W2}, {^T, W})- Singular DP- 
reduction on V yields T2 (and thus by Lemma ^we get indeed F' e MUs=2)- 
The second singular varialDle of is wi, and sDP-reduction on vi yields F' := 
\\v, V2}, If, V2}, V2}, will where F' ^ J-2. Note however that we have 
F' = J-2, and in Theorem BT^we will indeed see that we have MUs=2 ^ CJ-IM14. 

Finally we show MUs=3 % CTXMU, constructing F e MUs=3 with sDP(F) = 
{^1,^2} where Fi ^ F2. Let Gi :— T2, and let G2 be the variable-disjoint copy of 
G\ obtained by replacing variables wi, V2 with v'-^^v'^. Let u; be a new variable, and 
obtain F\ by "full gluing" of Gi, G2 on w, that is, add literal w to all clauses of 
Gi , add literal W to all clauses of G2 , and let Fq be the union of these two clause- 
sets. Obviously we have F\ € UT-LTTg^^- Finally obtain F from Fi by inverse 
singular DP-reduction, adding a new (singular) variable v, and replacing the two 
clauses {w,vi,V2}, {w,vi,V2} by the three clauses {v,w,vi}, {v,V2}, {v,w,V2}. 
Singular DP-reduction on v yields Fi, and thus F e Ml4s=3- The second singu- 
lar variable of F is vi, and sDP-reduction on vi yields a clause-set F2 containing 
one binary clause, since we left out w in the replacement-clause {iJ, W2}. Since 
all clauses in Fi have length 3, we see F2 ^ Fi. 

4.2 Confluence on saturated 

Definition 14. For clause-sets F,G we write F C'"*' G if for all C ^ F there 
is D £G with G C D. 
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If F G, then we say that "F is a subset of G mod(ulo) supersets". C'"*' 
is a quasi-order on arbitrary clause-sets and a partial order on subsumption- 
free clause-sets, and thus C'^ is a partial order on A4U. The minimal element 
of on CCS is T, the minimal element on AiU is {-L}. Now we show that 
"nonsingular saturated patterns" are not destroyed by singular DP-reduction: 

sDP 

Lemma 15. Consider Fq,F,F' e MU with F F' . 

1. If Fq is nonsingular, then Fq F ^ F^ F' . 

2. If Fo, F, F' G SMU, then Fq F' ^ Fq F. 

Proof. W.l.o.g. we can assume for both parts that F' — DPy{F) for a singular 
variable v of F. Part follows from the facts that v ^ var(Fo) due to the 
nonsingularity of Fq , and that due to the minimal unsatisfiability of F no clause 
gets lost by an application of singular DP-reduction. For Part || assume Idpiv) = 
1. Then the assertion follows from the fact, that due to the saturatedness of F 
we have for the clause G ^ F with v & C and for every clause D & F with v ^ D 
that C\{t;} C □ 

An example showing that in Part ^ nonsingularity of Fq is needed, is given 
trivially hy F = Fq — {{v},{v}}. While an example for Part ^ with F g 
MU\ SMU and Fq (^'~' F is given by Fq ^ F' = T3 (recall Definition |l|) and 
F = {{"1, W, v^},{vi,V2,v},{v,V3}, V2}, {W, V3}, {v^, Vi}}. 

Theorem 16. SMU C CTMU. 

sDP 

Proof. Consider F £ SMU and two nonsingular F',F" e SMU with F 

F' and F F". From F' F' and F F' by Lemma ^ Part | we 

get F' C""^ F, and then by Part |l| we get F' F"\ in the same way we obtain 
F" C-^ F' and thus F' = F". □ 



5 Permutations of sequences of DP-reductions 



This section contains central technical results on (it erate d) singular DP-reduction 



5.1, studying how literal de- 



The basic observations are collected in Subsection 
grees change under sDP-red uct ions. It follows an interlude on iterated general 
DP-reduction in Subsection 5.2, stating "commutativity modulo subsumption" 

that 



and deriving the basic fact in Corollary that in case a sequence of DP- 
reductions as well as some permutation both yield minimally unsatisfiable clause- 



sets, then actually these MU's are the same. In Subsection 5.3 then conclusions 
for singular DP-reductions are drawn, obtaining various conditions under which 
sDP -red uctions can be permuted without changing the final result. In Subsec- 
tion 5^ we introduce the "singularity index" , the minimal length of a maximal 
sDP-reduction sequence. Our second major result is Theorem showing that 
in fact all maximal sDP-reduction-sequences have the same length. 



5.1 Monitoring literal degrees under singular DP-reductions 

First we analyse the changes for literal-degrees after one step of sDP-reduction. 

Lemma 17. Consider F G MU and an m-singular variable v (m G Nj. Let G 
he the main clause, and let Di, . . . , Dm be the side clauses; and let F' :— DP„(F). 
Consider a literal x G CIT; the task is to compare Idpix) and Idp'^x). 
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1. If Yai{x) ^ V and x ^ C, then ldpi{x) = ldi?(a;). 

2. If vai{x) = V, then \Af{x) + \Ap{x) = m + 1, while \Af'{x) — \Af'{x) — 0. 

3. If X £ C then max(TO, ldF(a;) — 1) < Idp'ix) < Idpix) — 1 + m. 

4. For var(a;) ^ v and x £ C let p := \{i G {1, . . . , m} : x ^ Di}\ e {0, . . . , m}; 
then Idp'^x) = ldj;^(a;) — I +p. 

5. The following conditions are equivalent for var(a::) ^ v: 
(a) Idp'ix) = Idpix) - 1. 

(h) XdpXx) < Idplx). 

(c) X e c n DiD ■ ■ -nDm- 

(d) \ai{x) € var(C) n var(Di) n • • ■ n var(A„). 

6. Ifldp'ix) < Idpix), then Idp'ix) > m. 

7. The following conditions are equivalent for var(x) ^ v: 
(a) Idp'ix) > Idpix). 

(h) X € C and p > 2 (i.e., there are at least i ^ j with x <^ Di and x ^ Dj; 
so m > 2). 

8. If m = 1, then \dpt{x) < ldp{x). 

Proof. Parts [l] - ^ follow by definition. Parts ||, || follows by Parts - § and the 
observation, that if a; e C, then x ^ Di U ■ ■ ■ U Dm (due to F £ MU). Parts |[ 
follows by Part |. □ 

By Lemma |l^, Parts |6| and ^ we get: 

Corollary 18. Consider F £ MU and an m-singular variable v for F (m £ Nj; 
let F' :~ Y>V^,{F). Consider an arbitrary variable w. 

1. "Singularity (i.e., non-l-singularity) of w can only be created for m = 1"; 

(a) If m>2, then w being singular for F' implies that w is singular for F; 
especially if w is 1- singular for F' then w is 1-. singular for F, and if w 
is non-1- singular for F' then w is non-1- singular for F. 

(b) If m = 1 and w is singular for F' but not for F, thenw is non-1- singular 



2. "Singularity (non-l-singularity) of w ^ v can only be destroyed for m > 2"; 

(a) Ifm — 1, then w singular for F implies w singular for F' . 

(b) If m > 2 and w is .singular for F but not for F' , then w is non-1- singular 



Corollary 19. Consider F £ SA4U and a singular variable v; let F' :— DPy{F). 

1. For all literals x holds ldp'{x) < \dp{x). 

2. Thus if w ^ V is a singular variable for F , then w is also singular for F' . 
5.2 Iterated DP-reduction 

Definition 20. Consider F £ CCS and a sequence Ui,...,u„ of variables for 
n G Nq. Then 



for F'. 



for F. 



By Lemma 0, Part || together with Lemma ^ we get: 
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Thus in "DP^jj^... DP-reduction is performed in order ui,...,u„. We have 
varfD P,, ^',JF)) C var(F) \ {vi, . . . ,w„}. In (Lemma 7.4, page 33) as weh 
as in 1 13 (Lemma 7.6, page 27) the followingiundamental result on iterated 
DP-reduction is shown: 

Lemma 21. // performing sub sumption- elimination at the end, then iterated 
DP-reduction does not depend on the order of the variables; and performing 
sub sumption- elimination inbetween does not influence then the result. 

More precisely, let rg : CCS — s> CCS be sub sumption- elimination, that is, 
rs(i^) is the set of C £ F which are minimal in F w.r.t. the subset-relation. And 
for n € No let S'„ be the set of permutations of {1, . . . ,n}. Then we have the 
following operator- equalities for all variable- sequences Wi, . . . , w„ £ VA (n € Nq ): 

1. rs oDP„^,...^.u„ = rs oDP„^,...^,u„ ors. 

2. For all TV £ Sn we have v^oUP^^^ .^^ — v^oYyP^^^^^ y^^^^y 

Definition 22. Consider F G CCS and vi,...,Vn G VA (n G Noj. Then a 
permutation n € Sn is called equality-preserving for F and vi,...,Vn (for 
short: "eq-preserving"), if we have DPy-^ y^{F) — DP^i-y^) jr()j„)(-P')- The set 
of all eq-preserving tt G S'„ is denoted by eqp{F, (v^, ...,?;„)) C S'„. 

Note that if var(F) C [vi, . . . , w„}, then eqp(i^, (wi, . . . , u„)) = Sn- Since mini- 
mally unsatisfiable clause-sets do not contain subsumptions, we obtain: 

Corollary 23. Consider F G CCS and variables vi, . . . ,w„ (n € Nq) such that 
DPui,...,u„ (^') £ AdU. Then we have for ir £ Sn.' 

TT G eqp(F, («!,...,«„)) <^GPv^f,^,...,v^(^){F) G MU. 

Since hitting clause-sets do not contain subsumptions, by Lemma || we obtain: 

Corollary 24. For clause-sets F G HXT and variables vi, . . . ,Vn (n £ No) we 
have eqp{F, (wi, . . .,«„)) = S'„. 



5.3 Iterated sDP-reduction via singular tuples 

Generalising Definition ^ we consider "singular tuples" : 

Definition 25. Consider F G AiU. A tuple {vi, . . . ,w„) of variables (n £ Nq) 
is called singular for F if for all i G {1, ...,«} we have that vi is singular for 
DP^j,...,^._j {F). Note that for a singular (ui, . . . , u„) all variables must be differ- 
ent. We call variable (i G {l,...,n}j m-singular (m G N) for (ui,...,u„) 

and F , if Vi is m-singular for DPy-^ y._-^{F). 

Understanding ioi F £ MU the set of singular tuples is a fundamental task for 
the classification of AiU. Two basic properties are: 

1. F has only the empty singular tuple iff F is nonsingular. 

2. li (vi, . . . , Vn) is a singular tuple for F, then for alH G {0, . . . , n} the tuple 
(ui, . . . , Vi) is also singular for F. 

Definition 26. Consider F G AiU and a singular tuple (wi, . . . ,w„) for F. A 
permutation tt G 5„ is called singularity-preserving for F and (t;i,...,u„) 
(for short: "s-preserving"), if also (w,r(i) ; ■ • ■ j i^Tr{n) ) "is singular for F. The set of 
all s-preserving n € Sn is denoted by sp(i^, (di, ■ ■ - , Vn)) £ Sn- 
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By Corollary we obtain the fundamental lemma: 

Lemma 27. For F G A4U and a singular tuple v we have sp(F, v) C eqp(F, v). 

Corollary 28. Consider two singular tuples (ui, . . . , (v'l, . . . , w^J for F G 
MU. If {wi, . . . ,«„} - {v[, v'J, then DP„,, (F) = BP,>^^,„yjF) . 

In preparation for our results on singularity-preserving permutation, we con- 
sider first "homogeneous" singular pairs in the following two lemmas. By Lemma 
p7| , Parts ^ and g we get: 

Lemma 29. Consider F G AiU and two different non-1- singular variables u, w 
for F. Let C he the main clause for v, and let D he the main clause for w. There 
are precisely two cases now: 

1. IfC^D. then w ^ vars(DP^(i^)) and v ^ va.Ts(DPn,{F)). 

2. IfC^ D, then w G var^is(DP^,(i^)) and v G var^is(DP„(i^)). 

Lemma 30. Consider F G AiU and a singular sequence {v,w) for F, where 
hoth V and w are 1-singular (that is, in F resp. DPi,(_F)J. Let C,D G F he the 
two occurrences of v. 

1. Assume w is not 1-singular in F: 

(a) Then w is 2-singular in F. Let Eq G F he the main-clause of w, and let 

El, E2 G F he the two side- clauses, 
(h) We have {Ei,E2} = {C,D}. 
(c) So V is 1-singular in DPt„(_F'). 

2. Otherwise w is 1-singular in F. 
(a) V is 1-singular in DP^(i^). 

(h) Let Ei,E2 he the two occurrences of w in F: \{C,D} fl {Ei,E2}\ < 1. 

Now we are ready to give the central lemma on singularity-preserving neighbour- 
exchanges (note that every permutation is the composition of neighbour-exchanges) : 

Lemma 31. Consider F G A4U and a singular tuple v = (wi,...,w„) with 
n > 2. Consider i G {1, . . . ,n — 1}, and let n G Sn be the neighbour-exchange 
i i -\- 1 (i.e., pi(i) = j for j G {1, . . . ,n} \ {i,i + 1}, while 7r(i) — i -\- 1 
and 7r(i + 1) ~ i). The task is to characterise when tt G si>{F,v) holds; we 
need also to be able to apply such s-preserving neighbour-exchanges consecutively. 
For this let Vi be mi-singular w.r.t. F,v, and m'^- singular w.r.t. F,v', where 

V' ■■= (w7r(l),---,W7r(n)), CaSC of TT G Sp{F,v). 

1. If TT G sp(F, v), then for j G {1, . . . ,n} \ {i,i + 1} we have = mj . 

2. Assume rui > 2. 

(a) TT G sp(F, v). 

(b) If VTii+i > 2, then m'^,m'^_^_^ > 2. 

(c) If rUi^i — 1, then m[ = 1 and rn'^^i > — 1 (where m^^j^ = 1 as well 
as m'^^^ > 2 are possible in general). 

3. Assume rui = 1. 

(a) Assume m^+i — 1. 

i. TT G sp(i^, v). 

a. rn[^-^ — 1 and m[ G {1, 2}. 
(h) Assume mi+i > 2. 
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i TT G sp{F,v) if and only if Vi+i is singular in DPi,j_...^t,._j 
ii. If IT G sp{F,v), then > 2 (while rri'^^-^ = 1 and m'^^-^ > 
possible in general). 



Proof. Part follows by Lemma ^ For the remainder let Fq :— F, and Fi 

.iHorieU,. " 
Corollary Part y we get that u^+i is singular for Fi-i. In case of to^+i > 2, 



DP,,, (-Fi-1 ) for i gII, • • • , ?^}■ Consider Part ^; so we assume rrii > 2 here. By 



that is, Part 2b, we have Case g of Lemma ^ here, and the assertions of Parts 
2a, ^ follow. In case of rrii+i = 1, that is. Part we get the assertions of Parts 
jy Parts p|, ^ of Lemm a p^ . Finally consider Part^ assuming = 1. P art 
5a follows with Lemma For Part 3b assume m^+i > 2. For Part 3(b)i the 



direction from left to right follows by definition, w hile the direction from right 
to left follows by Part ^ of Lemma And Part 3(b)ii by Part ^ of Lemma 

Corollary 32. Consider F G MU and a singular tuple v such that each Vi is 
non- 1- singular for V . Then sp(i<", t)) — Sn (all permutations are singular), and 
in each permutation of v each Vi is non-l-singular. 

Corollary 33. Consider F Cz MU and a singular tuple v such that each Vi is 
1-singular in F. Then sp(-F', i;) = 5„ (all permutations are singular), and in each 
permutation of v each Vi is 1-singular. 

We get some normal form by moving the 1-sDP-reductions to the front: 

Corollary 34. Consider F G M.U and a singular tuple (wi, . . . , w„). Then there 
is a singular permutation n, such that in (w7r(i), . • . , ^^^(n)) ol^ 1-singular variables 
are before all non-l-singular variables. Furthermore the initial segment consists 
of the Vi which are 1-singular variables in F , and every such Vi can come first. 

li F £ M.IA has no 1-singular variables, then we know its singular tuples: 

Lemma 35. Consider F G AAU with varis(F) — 0. 

— By Corollary Part |Jq| , for each singular tuple (vi, . . . , Vn) of F we have 
{vi, . . . ,Wn} ^ var^is(-r77 every Vi is non-l-singular w.r.t. {vi, . . . ,«„). 

— So by Corollary all permutations are singular (sTp{F, (wi, . . . , ?;„)) ~ Sn)- 

Thus the singular tuples of F are fully characterised by the subsets S C var^is(i^) 
such that there exists a linear order of S which yields a singular tuple for F; let 
§_F C P(var^is(-F)) be the set of all such subsets (we obtain precisely all singular 
tuples of F by taking all linear orders of S £ Sp). 

Forv G var-,is(_F) let be the corresponding singular literal (that is, vSLT{xy) = 
V and ldF{xv) ^ 1), and let Ly :— {x„ : v G var-,is(F)}. And let F'p :— {Cf^Lp : 
CdFACnLp^ib} be the set of sub-clauses given by the .singular literals in 
main clauses of F. Finally let the hypergraph Gp '■— (var^is(F), {var(C) : C G 
F'p}) be given by the singular variables in the main clauses. Note that the hy- 
peredges of Gp are non-empty and pairwise disjoint. 

Now Sp is the set of partial exact transversals of Gp, that is, subsets S C 
var-,is(F) which have with each hyperedge of Gp at most one element in common, 
that is,\tH e E{Gp) ■.\Sr\H\<l. 

Proof. For v G var^is(F) let F^ :— DP„(F), let Ct, G be the main clause of w, 
and let iJ„ := var(C,;) n var^is(F). Then we have Gf,, = (y(Gp) \ H^,E{Gp) \ 
{Hy\). The assertion of the lemma follows now easily by induction. □ 
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Comparing two different singular tuples, they don't need to overlap, however 
they need to have a commuting beginning via appropriate permutations, given 
they contain at least two variables: 

Lemma 36. Consider F £ AiU and two singular tuples [vi, . . . ,v.p), (wi, . . . ,Wq) 
for F with p,q > 2. Then there exists a singular permutation tt for (vi, . . . ,Vp) 
and a singular permutation tt' for (wi, . . . jWq) such that both (f7r(i) j ''^7r'(i)) '^i^d 
(^ir'(i)i ^;r(i)) are singular for F . 

Proof. If one of the two tuples contains a 1-singular variable Vi resp. Wi, then 
the assertion follows by Corollary 34 and Part || of Corollary |l8|. And otherwise 
the assertion follows by Corollary 32 and Lemma 29 , □ 



5.4 The singularity index 

Definition 37. Consider F G MIA. A singular tuple (wi, . . . , u„) for F is called 
maximal, if there is no singular tuple extending it (i.e., DPuj,...^!,,, (F) is non- 
singular). The singularity index of F, denoted by si(i^) G No, is the minimal 
n e No such that a maximal singular sequence of length n exists for F. 

So si{F) = F e MU' . See Corollary Part 0, for a characterisation of 
F G M.IA with si(F) — 1. In Theorem ^ we see that all maximal singular tuples 
are of the same length (given by the singularity index). By Lemma pq we get: 

Lemma 38. Consider F £ AiU not having 1-singular variables (i.e., varis(_F) = 
%). Then every maximal singular tuple has length s\{F), which is the number of 
different clauses of F containing at least one singular literal. 

More general than Lemma ^ (but with less details): 

Theorem 39. For F e M.U and every maximal singular tuple (ui, . . . , Vm) for 
F we have m — si(i^). 

Proof. We prove the assertion by induction on si(F). For si(F) = the assertion 
is trivial, so assume si(F) > 0. If F has no 1-singular variables, then the assertion 
follows by Lemma |3^, and so we assume that F has a 1-singular variable v. First 
we show that we can choose v such that si(DPi,(i^)) = n — 1. 

Consider a maximal singular tuple (t;i,...,w„) of length n = si{F). Note 
that si(DPt,j [F]) = n — 1. If ui is 1-singular, then we are done, and so assume vi 
is not 1-singular. Now by Lemma [l^. Part g, both tuples {vi,v) and (w, wi) are 
singular for F, where by induction hypothesis we have si(DP„j_.u(F)) = n — 2. 
Due to 'DVy^,y{F) = DPi,,jj(F) we get then (using the induction hypothesis) 
si(DP^(i^)) = n — 1 as claimed. 

Now consider an arbitrary maximal singular tuple {wi, . . . , Wm). We have to 
show that si(DPtm (F)) = n — 1, from which by induction hypothesis the assertion 
follows. This follows by the same argument as above, but for completeness we 
repeat it. The claim holds for wi = v, and so assume wi ^ v. teness we repeat 
it. The claim holds for wi — v, and so assume wi ^ v. Now by Corollary |l8|, 
Part ^, both tuples {v,wi) and {wi,v) are singular for F, where by induction 
hypothesis we have si(DP„_^j (F)) = n — 2. Due to DP„^^j(F) = DPw^^y{F) we 
get then (using the induction hypothesis) si(DPt„j(F)) = n — 1 as claimed. □ 



Corollary 40. For F e MU and F', F" e sDP(F) we have n{F') = n{F"). 
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6 Confluence mod isomorphism on eventuafly SM.tl 

Finally we are able to show our third major result, confluence modulo isomor- 
phism of singular DP-reduction in case all maximal sDP-reductions yield satu- 
rated clause-sets. 

Definition 41. A minimally unsatisfiable clause-set F is called eventually 

sDP 

saturated, if all nonsingular F' with F F' are saturated: the set of all 

eventually saturated clause-sets is ESM.U :— {F e MU : sDP(F) C SM.U}. 

By Corollary |l^ we have SMU C SSMU. If C C MU is stable under sDP- 
reduction, then we have C C SSMU iff C fl MU' C SMU. In order to show 
£SMU C CTXMU we show first that "divergence in one step" is enough: 

Lemma 42. Consider F e MU \ CFIMU (recall DefinitionW^. So si(F) > 
1. Then there is a singular tuple (fi, . . . , Wsi(F)-i) for F, suchthat for F' := 
DP«i,...,,;,,(F)^i(i^) we still have sDP(i^') G MU\CTIMU (note si(F') ^ 1). 

Proof. We prove the assertion by induction on si(F). The assertion is trivial for 
si(^") < 1, and so assume n :— si{F) > 2. We use proof by contradiction, and so 
assume that for all singular variables v we have DPy{F) G CFIMU. Consider 
(maximal) singular tuples (wi, . . . , u„), (wi, . . . , w„) for F such that DP„(F) and 
YyP.u,{F) are not isomorphic. By Lemma praw.l.o.g. we can assume that {vi,wi) 
and {wi.vi) are both singular for F. Since T)Vy^{F) ,Y)Vyj^{F) G CFIMU, we 
obtain the contradiction that DPi, [F) and DP^u [F) are isomorphic. □ 

Corollary 43. Consider a class C Q MU which is stable under application of 
singular DP-reduction. Then we have C C CFIMU if and only if {F G C : 
si(F) = 1} C CTIMU. 

Now we analyse the main case where all sDP-reductions give saturated results: 

Lemma 44. Consider F G MU and a clause C & F. Let C := {x e C : 
ldF(a;) = 1} be the set of singular literals in C , establishing C as the main 
clause for the underlying singular variables var(x) (for x G C ), and let Fx := 
{D G -F : X G D} be the set of side clauses of var(a;) for x G C". Due to 
F G MU the sets F^ are non-empty and pairwise disjoint (note that var(x) is 
\Fx\-singular in F for x G C ). Now assume \C'\ > 2, and that for all x G C we 
have DPvar(:E)(-F) G SMU. Then: 

1 \C'\ =2 

2. Vx G Cyn G Fx : (C\C") C D. 

3. For x,y gC we have that DPvar(x)(-P') ^Pvar{y){F) are isomorphic. 

Proof. Consider (any) literals xai 6 C" with x ^ y. Then for D Fx we have 
(C \ {a;, y}) C L) by Corollary 0, since otherwise the corollary can be applied 
to var(a;), replacing D hy D U (C \ {x,y}), which yields the partial saturation 
F' G MU of F with singular variable vai{y), and where then DPvar(;/)(-F') would 
yield a proper partial saturation G of DPvar(y)(-F'), contradicting that the latter 
is saturated. It follows that actually C" = {x, y} must be the case, since if there 
would he z £ C \ {x,y}, then Idp(z) > 2 contradicting the definition of C . It 
follows Part |[ Finally for Part ^we note that now F ^ DPx{F) just replaces 
X in the clauses of Fx by y, while F DPy(F) just replaces y in the clauses of 
Fy by X, and thus renaming y in DPx{F) to x yields DPy(F). □ 
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Corollary 45. For F e MU with si{F) — 1 we have: 

1. //|vars(F)| >2; 

(a) va,Ts{F) = var^is(i^), that is, all singular variables are non-1- singular, 
(h) The main clauses of the singular variables coincide (that is, there is 

C € F such that for all singular literals x for F we have x € C). 
(c) IfFe £SMU then |vars(F)| = 2. 

2. IfF€ SSMU then F e CTIMU. 

Proof. Part |l^ follows by Part 2a of Corollary |l^, and Part lb follows by Lemma 
|9|. Now Parts |lc[ | follow fr om Lemma p[ □ 

By Corollary we obtain from Part ^ of Corollary |45| : 

Theorem 46. £SMU C CTXMU. 



6.1 Applications to All^=2 

Consider fc e N and F G AAUs=k- Assume that we know the isomorphism types 
of AiUg^f^. If F € CFIM.U, then we can speak of the type of F as the (unique) 
isomorphism type of the elements of sDP(F). As an application of our results, 
we obtain now that for (arbitrary) F G AiUs=2 we can speak of the type of 
F as the number of variables left after complete sDP-reduction (using that the 
isomorphism types in MU^^2 determined by their number of variables): 

Theorem 47. MUs=2 C CFIMU. 

Proof. Recall Theorem |l^. The first proof is obtained by applying the singularity 
index, Corollary |4^, and the observation that non- isomorphic elements oiM.Ug^2 
have different numbers of variables. The second proof is obtained by applying 
Theorem || and the fact that MUg^^ ^ SMIA, whence MUs=2 ^ £SMU. □ 



7 Conclusion and open problems 

We have discussed questions regarding confluence of singular DP-reduction on 
minimally unsatisfiable clause-sets. Besides various detailed characterisations, 
we obtained the invariance of the length of maximal sDP-reduction-sequences, 
confluence for saturated and confluence modulo isomorphism for eventually sat- 
urated clause-sets. The main open questions regarding these aspects are: 

— Are there other interesting classes for which we can show confluence resp. 
confluence mod isomorphism of singular DP-reduction? 

— Can we characterise CFMU and/or CJ-XMUl Especially, what is the deci- 
sion complexity of these classes? 



As a first application of our results, in Subsection 6.1 we considered the types of 
(arbitrary) elements of A4h{s=2- This detailed knowledge is an important step- 
ping stone for the determination of the isomorphism types of the elements of 
AiUg^^, which we have obtained meanwhile (to be published; based on a mix- 
ture of general insights into the structure oi A4U and (very) detailed investiga- 
tions into MUs<2)- The major open problem of the field is the classification (of 
isomorphism types) of MU'x p. f or arbitrary k. Finally, regarding the potential 
applications from Subsection |l.3| , applying singular DP-reductions in algorithms 
searching for MUS's is a natural next step. 
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